The conjecture of B. Grünbaum on existing of admissible vertex coloring of every planar graph with 5 colors, in which every bichromatic subgraph is acyclic, is proved and some corollaries of this result are discussed in the present paper.
Lemma 2. There are no 4-neighbours in G.
Denote by S i the set of i-cycles in G, where i 6, which possess no chords and contain at least 2 vertices in their interiors, moreover, if i = 6, we require, that the interior differ from a pair of adjacent 4-and 6-vertices. If S 4 = ∅, then let C 4 be an element of S 4 , which contains the least number of vertices in it's interior; I 4 =Int(C 4 ), andĪ 4 =G\Out(C 4 ). In the opposite case let C 4 be the bound of the infinite 3-face. Further, denote by C the cycle C 4 , if there are no elements of S 5 ∪S 6 , enclosed inĪ 4 , otherwise the element of S 5 ∪S 6 with the least interior among those enclosed inĪ 4 . Afterwards we put I = Int(C),Ī = G\Out (C) .
If H is a graph, then H i denote the set of i-vertices of H , and H m = H 4 ∪ H 5 . Let W (v) be a neighbourhood of a vertex v, i.e. a subgraph, induced by those vertices, adjacent to v.
Lemma 3. If x, y ∈ I m
4 , then x, y are not adjacent.
Proof. In view of Lemma 2, we are to consider the two cases. (1, 2) . If a(c)=2, we put a(v) ∈ {3, 4, 5}∩a{e, f }, then a(y) ∈ {3, 4, 5}. Let a(c)=3; if a{e, f } = {4, 5}, we demand a(v) ∈ {4, 5}\a{e, f }, then a(x) ∈ {4, 5}, otherwise we make a(x, y, v)= (5, 4, 3) .
Case b: Subcase b1: s(y) = 4 (see Fig. 5a and 5b). 
Subcase b2: s(y) = 5 (see Fig. 6 ). The proof is valid also for those cases, when x is situated between b and c, or between d and e, or when, x is absent at all. Actually: delete x , x, y, v, insert an edge of W (x), and identify b, e, h. Let a(e, f, g) = (1, 2, 3).
(1) a{c, d} = {2, 3}.
(
there is no 3, 5-chains from g to {c, d}:
After all x , if present, we color differently from a(a), a(b), a(c), when a(x) = a(x ), and admissibly otherwise. Fig. 10a and 10b ). and results in nonnegative modified contribution e (v) for all vertices v ∈Ī . We shall proceed the elucidation of the structure of G in a degree, necessary for a solution of the stated task.
The vertices of degree greater, than 6, are called major.
Definition 8. A vertex v ∈ I , 7 s(v) 8, is called 2-weak, if it is adjacent to exactly s(v) − 4 vertices of I 5 .
Definition 9. We call a vertex weak, if it is either 1-weak, or 2-weak.
Definition 10.
A major vertex of I is called strong, if it fails to be weak.
By Lemma 5, each major vertex of I is either weak, or strong.
Definition 11.
A vertex of I 4 is called particular, if it is adjacent to two nonadjacent vertices of I 6 .
Definition 12.
A major 1-weak vertex is called special, if it is adjacent to a single 4-vertex, which is a particular one.
By Lemma 4, a special vertex may have degree 7, or 8; we shall call them 7-special and 8-special, respectively.
The formation of nonnegative modified contributions for the vertices of I 5
Each 5-vertex v ∈ I receives 1 from every adjacent: (a) vertex of C; (b) strong vertex, which is not singular for it; (c) 1-weak 8-vertex, which is adjacent to three vertices of I 5 , if v, besides this, is adjacent to four vertices of I 6 . If it is not adjacent to C, it receives 1 2 from every adjacent singular for it vertex, major 1-weak nonspecial vertex, and 2-weak 8-vertex. It receives One of the chains, which arise while dividing C by a and g, has the length at most 3, because |C| 6. But then if the other one is replaced by avyg, an element of S 5 ∪ S 6 , imbedded intoĪ is obtained, which is impossible.
Remark 2.
It is checked in a similar fashion, that in all succeeding configurations, loops and multiple edges can not appear while identifying vertices, which areconnected by chains of the length 3 along the configurations.
So, let we obtained a(a, e, f ) = (1, 2, 3).
(1) a(h) = 2: take a(z) = 3. If some color of {3, 4, 5}, for example, 4, is represented in a{b, c, j, k} at most once, then it is enough to put a(v, y) = (4, 5). Let, conversely, a{b, c} = a{j, k} = {4, 5}, then we color a(x, y, u, v) = (2, 5, 3, 4).
(2) a(h) = 4: take a(y) = 5. If some color from {2, 3} is absent in a{b, c} or a{j, k}, for example, 2 / ∈ {b, c} (the situation is symmetric on {b, c} and {j, k}), then we put a(v, z) = (2, 3), and color u with 5 only if forcedly, i.e. when a{j, k} = {3, 4}. Let, conversely, a{b, c} = a{j, k} = {2, 3}, then make a(x, z, u, v) = (5, 3, 5, 4). Proof. We must show, that each of the seven configurations, obtained from the configuration on the Fig. 17 by "planting" of one or two vertices of I m (the case when they both have degree 5 is the only exception) on the edges ab, and bc, is reducible (by Lemma 4, s(v) 8).
Delete options x 1 , x 2 , and the vertices y, z, v. If there is a 5-vertex between x 1 , x 2 , then we identify those vertices adjacent to it on the bound of the configuration (i.e. a, b, or b, c); if 5-vertex is absent, then we do the same with some ( Note, that if v is adjacent to a special or singular for it vertex w, and u ∈ W (w) ∩ I 6 is adjacent to a 4-vertex of W (w), then that vertex v , "joint", adjacent to v, w, u (see Fig. 18 ), by Lemma 4, is not a 6-vertex, not special, and by Lemma 6 not 2-weak. So v is a major 1-weak and contributes to e (v) at least (2) Let v is surrounded by weak vertices. (2.1) If v is adjacent to an 8-special vertex w, and u is one of it's joint, and u is a vertex, dual to u with respect to the edge vw, then u is not, by Lemma 4, 6-vertex, and obviously is not 7-special, so e (v) − 1 + 2( to the e (v), hence we should exclude the cases, when v besides y and d is adjacent either to two 6-vertices of I and 2-weak 7-vertex w, or to three vertices of I 6 . But in the first one w should be adjacent to some 6-vertex of I, which is impossible by Lemma 6. In the second case (see Fig. 20 ) we should have a configuration, which has been already shown to be reducible (Lemma 8, Case 1). 
Formation of nonnegative modified contribution for the vertices of I 4
Definition 14. A major vertex of I is called fat, if it is adjacent to at least two vertices of I 5 .
Definition 15. A major 1-weak vertex of I is called quasistrong, if it is adjacent to a vertex of I 5 , which in turn, is adjacent to C.
Definition 16. 1-weak 7-vertex is called bad for a particular vertex v, if it is adjacent to two vertices of degree 4, one of which is v.
If v ∈ I 4 , then every adjacent vertex, except those of I 6 , contributes at least Proof. Each configuration of the type "4-vertex v ∈ I , adjacent to 6-vertex y ∈ I and two nonadjacent 1-weak vertices x, z" can be generated from "4-vertex v ∈ I , adjacent to three 6-vertices of I" by "planting" of minor vertices x 1 , x 2 , x 3 , z 1 , z 2 , z 3 of I to the edges ab, bc, cd, ah, hg, gf, respectively (see Fig. 21 ). This results from lemmas, proved in the Section 2.1.
Let w denotes any of the vertices x 1 , x 2 , x 3 , z 1 , z 2 , z 3 . Then the set of vertices, adjacent to w and not shown at The similar work is done with {z i }. Remark, that the described transformation does not create loops and multiple edges. Indeed, if we identify a vertex from {b, c} with a vertex of {g, h}, and both are adjacent to 5-vertices of I, then because x, z can not be quasistrong simultaneously by assumption, at least one of contracted vertices is one of I, so a 6-cycle of S 6 arise imbedded intoĪ , which is impossible by the definition of C. (2) a{g, h} 4. (1.1.2.1) Let x i 1 be a contracted 4-vertex, and a(x i 1 ) = 3, so there are also x i 2 and x i 3 , and a(
2) Now {x i } and {z i } both contain a 5-vertex. Colors t ∈ M x , r ∈ M z , t = r, can be find, because else M x = M z and this sets have cardinality one, but in this case some color should be absent at {x i , x i } which contradicts to the assumption made. We let a(x, z) = (t, r). This completes the proof of Lemma 9.
Remark, that in this lemma we proved the reducibility of 400 configurations at once. 
Lemma 10. If z is bad for a 4-vertex v, and x is a strong vertex of W (z), adjacent to exactly s(x)
Case 1: Either x 2 is absent, or s(x 2 ) = 4.
(1) There is t ∈ {4, 5} which is absent at {d, i} ∪ {x i }: put a(x) = t; z color with a color different from a(x) and represented at most once at {d, i}; moreover, if |a{x, g, d, i}| = 4, we can choose also a(z) = a(f ). If it so happened a(z) = a(d), we put a(y) = a(g) (from the coloring point of view, the configuration is symmetric in respect to the horizontal axis).
(2) There is t ∈ {4, 5} represented at {d, i} ∪ {x i } exactly once: if just at {x i }, then the solution of (1) (1) Some t ∈ {4, 5} is absent at {d, i} ∪ {x i , x i }: the proof given in (1) of the Case 1 is invalid only if a short 1, 2-cycle appear which passes y, u. This means that x 1 and x 3 are absent, x 2 is forcedly colored with 1, and y, u with 2. If a(g) = 2, it is enough to interchange the color of z with the color 2 of y and u. Else we interchange the colors of x and z, and color x 2 differently from 2.
(2) t ∈ {3, 4, 5} is represented at {d, i} ∪ {x i , x i } exactly once: repeat the proof of (2) 
Conclusion
It seems to me, that the two ideas of the just given proof can find application in the solution of some other difficult planar graph coloring problems.
Till now, as soon as I know, the reducibility of single configurations being 1-neighbourhoods of vertices have been usually proved. But in some cases such means may turn out to be insufficient for the construction of the desirable redistribution of Euler contributions.
Then, firstly, one should try to introduce the concept of a "weak" vertex being one, adjacent to sufficiently many minor vertices. The weak vertex should be thought of as a generalization of a minor vertex in a sense, that one should try to generate from the already known reducible configurations the whole families of reducible configurations by the substitution of weak vertices instead of minor ones. There is a hope to prove the reducibility of the whole family at once. In Lemma 9 it is easily seen some inner classification of the family, arising from the needs of the reducibility proof itself.
Secondly, if the contraction of configurations is prevented from by loops, or other forbidden subgraphs, then instead of the whole graph, an admissible subgraph should be considered, as in the proof we passed from G toĪ .
I think the following strengthened variant of the Grünbaum's conjecture to be the truth (compare [2] ). 
Conjecture.

